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1. INTRODUCTION 
Hodgkin and Huxley have shown that the shape and speed of pulses 
in the nerve of a squid are well-approximated by numerical solutions of 
ae -= at g l tf. (1) 
f is a fairly complicated functional of e whose precise form is not needed 
below. The reader will find a description of these beautiful results in 
Hodgkin [5]; other closely related models are discussed by Fitzhugh [4]. 
The principal feature of the nerve that such a model should exhibit is 
that a pulse is either rapidly damped out (subthreshold) or is shaped 
into a characteristic form which then propagates down the line without 
distortion, like a travelling wave. 
This behaviour has been found in a simpler model, proposed by 
Nagumo : 
ae -= at $+f-bledt (2) 
in which f is a cubic polynomial f (e) = e( 1 - e)(e - u) (0 < a < 1) as 
in Fig. 1, b is a positive constant, and J’e dt is the indefinite integral. 
H. Cohen [2], J. C oo e and F. Dodge [3], and B. Knight [6] have 1 y 
compiled extensive numerical evidence for a speed diagram of the 
general shape indicated in Fig. 2, in which the speed c of a leftward 
travelling wave e = e(x + ct) is plotted against 0 < a < l/2. The 
experimental evidence from an electrical circuit model, reported in 
Nagumo et al. [9], confirms the picture. The dark triangle corresponds 
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to b = 0, and the nested curves inside it to increasing b > 0. For 
a > l/2 and b > 0, the nerve goes dead, i.e., the only travelling wave 
solution is e E 0. For 0 < a < l/2, there are two possible speeds. 
B. Knight found indications that only the faster speed corresponds to 
a wave e, which is stable to small (travelling) disturbances. A second 
computation of B. Knight indicates that the lower branch of the speed 
curve turns up near the corner a = l/2 like a constant multiple of 
1 In l/2 - a I. 4 i 
I- e 0 0 
FIGURE 1 
FIGURE 2 
Besides computing the speed picture, it would also be desirable to 
prove that as t t co, any reasonable solution e of (2) either damps out 
or takes on the shape of the stable wave solution e, and travels along at 
the associated speed: lim,,, e(t, x - ct) = e+(x). Kolmogorov et al. [7] 
found this kind of behaviour in the problem ae/& = Pe/&x2 + f for f 
as in Fig. 3 with roots at 0 and 1 and f ‘(0) > f ‘(e) (0 < e < 1). The 
possible speeds fill out a half-line, but now only the slowest speed 
corresponds to a stable wave. 
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FIGURE 3 
The purpose of the present note is to introduce the problems attached 
to Nagumo’s model to a wider audience and to add a few mathematical 
indications to the numerical evidence cited above. The proofs are 
skimped, being of a standard kind. The principal tool is Poincare’s 
projective phase plane, as explained, for instance, in Lefschetz [8]. For 
b = 0, the wave solutions are computed in full (Section 2). For b > 0, 
this seems to be hopeless for Nagumo’s original problem, but can be 
done in part after a modification off (Section 4). The solutions depending 
upon time alone also present nice problems (Section 5). Additional 
problems of the same kind will suggest themselves to readers of 
Fitzhugh [4] and Hodgkin [Sj. 
I want to thank H. Cohen, B. Knight, and M. Schreiber for helpful 
conversations. 
2. WAVE SOLUTIONS FOR b = 0 
The simplest problem connected with Nagumo’s equation is to find 
the travelling wave solutions e = e(x + ct) for the special case 6 = 0. 
The problem is to solve 
e” - ce’ + f  = 0 (3) 
withf(e) = e(1 - e)(e - a) (0 < a < 1) as in Fig. 1; naturally, constant 
or unbounded solutions are to be discarded. e* = 1 - e is a solution 
for a* = 1 - a and c* = c, so it is permissible to take 0 < a < l/2; 
this symmetry is broken for b > 0. Besides, e* = e(- *) is a solution 
for a* = a and c* = -c, so it is permissible to take c > 0 (leftward 
running wave). 
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A few solutions of (3) are easily obtained, filling out the dark triangle 
of Fig. 2. For c = 2/2(1/2 - a) (0 < a < l/2), representing the slanting 
part of the triangle, Huxley found the solution 
e(x) = [l + exp(--xl&)]-‘, (4) 
shown in Fig. 5. For a = l/2 and c = 0, the reflected solution 1 - e 
makes its appearance, together with a one-parameter family of periodic 
solutions, expressible in terms of Jacobi elliptic functions: 
1 
e(x) = 5 + K sfz ( 
+j A4 - k2, &J (0 < k < Q).’ (5) 
2 
For c = 0 and 0 < a < l/2, periodic solutions are still present: 
4 (44 - e&e2 - 4 (e(x) - e3)(e2 - 4 
(6) 
e3 < 0 < e, < a < e2 < 1 < e4 being the 4 roots of 
p,(e) = e2(e2 - (4/3)(1 + a) e + 2a) = k 
for some 0 < k < p,(a) ( see Fig. 4). The only new thing is that the 
Huxley solution (4) is replaced by 
e(x) = 3[d(2 - a)($ - a) cash V&X + (1 + l/a)]-’ (7) 
FIGURE 4 
which tends to 0 at both &co and (properly translated) approximates 
to (4) as a t l/2, as in Fig. 5. 
1 Byrd-Friedman [l] is helpful for this. 
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FIGURE 5 
A few diagrams will give a better view of things: in these pictures, 
the phase plane of e = x and e’ = y is completed at CO by the adjunction 
of a circle of ideal points, and (3) is extended to this boundary after the 
manner of PoincarL2 Besides the three finite singular points: 
(0, 0) = a saddle point 
(a, 0) = a center for c = 0, a repulsive spiral for 0 < c < 2 d/a(l - a), and 
a repulsive focus for c 3 2 du(l - a) 
(1,O) = a saddle point, 
there appears at co a pair of elliptical points with combined index $2, 
so that the total index is - 1 + 1 - 1 + 2 = + 1, as it should be. 
Fig. 6 depicts the case 0 < a < l/2, b = c = 0: (a, 0) is a center 
surrounded by the periodic Jacobi solutions (6) and the blip solution (7). 
Fig. 7 shows the case a = l/2, b = c = 0: the only difference is the 
replacement of (7) by the Huxley solution (4) and its reflection about 
the level e = l/2. Fig. 8 shows the (spiral) Huxley case 0 < a < l/2, 
b = 0, c = d/2(1/2 - a): th e reflected Huxley solution is broken, and 
(a, 0) changes from a center to a repulsive spiral destroying all the 
periodic solutions. Fig. 9 depicts the (spiral) sub-Huxley case 
0 < a < l/2, b = 0, 0 < c < 2/2(1/2 - a): the only change from 
Fig. 8 is that the Huxley solution itself is now destroyed. The final 
Fig. 10 shows the (nonspiral) super-Huxley case 0 < a < l/2, b = 0, 
c > 2/2(1/2 - a): the picture is the same except for the appearance of 
a new solution leading from (a, 0) to (1, 0). 
* Lefschetz [8 : 2011. 
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FIG. 6. 0 < a < 3, b = 0, c = 0 
FIG. 7. a = 4, b = 0, c = 0 
The pictures confirm the numerical evidence cited in Section 1. The 
only novel point is the existence of solutions leading from (a, 0) to (0,O) 
for any c > 0. An additional solution leading from (a, 0) to (I, 0) appears 
for c > l/2(1/2 - a). 
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FIG. 8. 0 < a < 4, b = 0, c = d/2($ - U) 
FIG. 9. 0 < a < +, b = 0, 0 < c < d/2($ - a) 
Here is a brief indication of the proof for 0 < a < l/2, b = 0, c > 0. 
To begin with, (3) takes the form 
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FIG. 10. 0 < a < 4, b = 0, c > v’/z($ - a) 
and it is easy to check the nature of the singularities (0, 0), (a, 0), (1,O). 
The divergence of the field f is of one sign (div f = c > 0), so no periodic 
solutions exist. Besides, it is easy to see from a rough sketch of the 
field that e = x is bounded only if e’ = y is too, and now you can deduce 
from the theorem of Poincare-Bendixson, that any such path must begin 
and end at a singular point: a( f a) = 0, a, or 1, and y( f co) = 0. 
Discard the constant solutions so that 0 < Jr”, y2, multiply (8) by x’ = y, 
and integrate from -co to + co with respect to time. This gives 
so x(-a> # x(+a), and the only possibilities for bounded non- 
constant solutions are as indicated in the accompanying table. The 
classes #2 and #6 are ruled out since (a, 0) is repulsive, and class #5 
violates (9), so the only actual possibilities are #l, #3, and #4. Fig. 11 
will help to prove that a solution of class #4 is always present: it shows 
the field f with its sign reversed and a positive solution issuing from the 
saddle point (0,O). This solution cannot return to the line x = 0 at any 
time t < fco, as can be seen from a simple modification of (9), so 
either it stays to the left of x = 1 and tends to (a, 0) as t t co, or it 
crosses the level x = 1 as in Fig. 11. But this is also ruled out by a 
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TABLE I 
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I #3 1 a , 1 ) 
#4 a 0 
I 
#5 i 1 0 
#6 i 1 a 
modification of (9), since Ji X(X - U)(X - I) dx > 0. This finishes the 
proof that solutions of class #4 exist. 
0 a 1 m 
FIGURE 11 
The picture for the Huxley speed is now easily completed (see Fig. 8). 
The Huxley solution (4) issues from (0,O) and tends to (1,O). A search 
for singularities at co reveals a pair of elliptical points, and the rest of 
the streamlines are easily filled in. Now consider the field f along the 
Huxley solution but for a sub-Huxley speed 0 < c < 2/2(1/2 - a): 
clearly, it is no longer tangent but points downward so that the stream- 
line falls below the Huxley solution and goes off to -d-- 1 CO, as in 
Fig. 9. For a super-Huxley speed c > 42(1/2 - a), the field points 
upwards along the Huxley solution, and the streamline is diverted to 
4-1 co, as in Fig. 10. The reader will easily supply the rest of Figs. 9 
and 10. 
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3. WAVE SOLUTIONS FOR b > 0 
For b > 0, the wave solutions satisfy 
e ,,I - ce” +f’(e)e’ - (b/c)e = 0. (10) 
In the phase space of e = xi , e’ = xa , and e” = ~a , this is the same as 
X2 
x3 l- (11) ~1+~3~~--2(1+~)~,+~)~2+cx, 
The only singular point is (0, 0, 0); f rom it issue two out-solutions, and 
there is a transversal 2-dimensional manifold of in-solutions, as in 
Fig. 12. The in-solutions spiral unless b < as/4 and c exceeds the 
biggest positive root of (as - 4b) ~4 + 2a(2a3 - 9b) ~2 - 27bs = 0. 
FIGURE 12 
To get a nonconstant bounded wave e = e(x + ct), it would appear 
that an out-solution would have to bend around and come back on the 
in-surface. I conjecture that this happens at one speed for the upper 
out-solution and at a second speed for the lower, in conformity with 
the numerical evidence epitomized in Fig. 2. The behaviour at 00 is 
much more complicated than for b = 0. The infinite points form a 
2-sphere, and the singular points fill up two perpendicular great circles. 
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This is particularly interesting because it indicates the possibility of a 
cylindrical invariant submanifold with a cross section shaped like a 
figure eight. An especially interesting problem is to prove that no non- 
constant bounded wave exists for any a > l/2. The idea is that a plays 
the role of a doping parameter, and the disappearance of solutions is 
supposed to reflect the fact that if you shoot in too much novocaine, the 
whole nerve goes dead. 
4. Two CARICATURES OF NAGUMO’S EQUATION 
The interest of Nagumo’s problem lies in the hope that it is a rea- 
sonable caricature of the Hodgkin-Huxley mtidel, but naturally it is 
permissible to caricature it still further, provided the essential features 
are not lost. The crucial point seems to be thatf should have the general 
shape of Fig. 1, but it is clear that the details are not important, espe- 
cially, it is plausible that either of the functions depicted in Fig. 13 
should do just as well (the sloping lines are all inclined at 45”). 
f  
L+- 0 0 e 1 
FIGURE 13a FIGURE 13b 
For the function f of Fig. 13a and b = 0, the analogue of the Huxley 
relation c = 2/2( l/2 - a ) , corresponding to solutions rising from 0 to 1, 
is 
u-1 = 1 + (+ + & + 1y exp (4 cytk2Yg, (12) 
taking the principal branch of toss l. This relation can be inverted to 
express c as a function of a. The curve falls from c(O+) = 2 to c( l/2) = 0, 
in close analogy with Fig. 2. 
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For b = 0 and f as in Fig. 13b, something surprising happens. The 
counterpart of the Huxley relation is 
u-1 = 1 + ($- + 4% + q2, 
c(1/2) = 0 as before, and what is odd is that c(O+) = co (see Fig. 15). 
Evidently, this divergence is caused by the cliff in Fig. 13b, but it is 
not clear how this comes about. For 0 < a < l/2 and b = c = 0, a 
solution e analogous to (7) appears, together with its reverse e(- 0) and 
a family of periodic solutions as in the Nagumo case. The nice feature 
of the present f is that it is possible to compute part of the inside of the 
speed diagram for b > 0. The problem is to find the nonconstant 
bounded solutions of 
e ,,I - ce” - e’ - (b/c)e = 0, (14) 
subject to the condition that e” jumps down (up) by 1 each time e crosses 
up (down) over the level e = a. The solution is expressed in terms of 
the roots of the cubic P(Y) = y3 - cy2 - y - b/c. The roots are real for 
b < l/4 and c exceeding the biggest root of 
(1 - 4b) c4 + 2(2 - 9b) c2 - 27b2 = 0. 
Pick such a speed c and let 01 be the positive root of P(r) = 0. Then (14) 
has a solution e with precisely 1 up-crossing and 1 down-crossing of the 
level e = a if and only if c exceeds the positive root of c4/b + 2c3/& = 1. 
A 
e 
FIGURE 14 
The corresponding value of a is given by x = 1 - @(CL), where 
0 < x < 1 is the root of 
(15) 
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/3 and y being the two negative roots of p = 0. The general shape of e is 
shown in Fig. 14, especially e takes a negative dip after the peak and 
6-a 
l b=O.OO 
0 b = 0.05 
x b=O.lO 
5- 
I 
0 
4- l 
\ 
0 
\. 
I I I I + 
O 0.1 0.2 03 0.4 05 
FIGURE 15 
comes back up to e = 0 from below as x T co. The corresponding speed 
diagram is shown in Fig. 15. P. O’Neill and D. Coppersmith kindly 
computed it for me. 
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5. SPACE-CLAMPED SOLUTIONS 
An interesting class of solutions of (2) is defined by making e a function 
of time alone; this is the space-clamped case of Hodgkin [5]. After an 
extra temporal differentiation, (2) takes the form 
i = f’(e)t - be, (16) 
i.e., in the phase plane of e = x and t = y, 
[;I = f = [ -bx + (-3x2 +‘2(1 + a) x - a)y 1 * (17) 
The only singular point is (0, 0), and it is always attractive. The 
solutions spiral in only if b > a2/4. A simple argument shows that 
no periodic solutions exist: from (17), it is plain that J x taken over 
a period of such a solution must be 0, and so the integral of 
div f = -3x2 + 2( 1 + a) x - a over a period is - J (3x2 + a) < 0. 
By a criterion of Poincare, this ruIes out periodic solutions. Actually, 
every solution tends to (0,O). This may be verified by an examination 
of the singular points at CO: namely, a pair of saddle points and a pair 
of purely repulsive points, as indicated in Fig. 16 which is drawn for 
the nonspiral case b < a2/4. 
FIGURE 16 
This model exhibits a nice threshold effect. The general idea is 
indicated in Fig. 17 (spiral case: b > a2/4). 
NAGUMO’S EQUATION 223 
FIGURE 17 
The effect is similar but more striking forf as in Fig. 13b. The analogue 
of (16) is d + d + be = 0, subject to the condition that e jumps up 
(down) each time e crosses up (down) over the level e = a. This amplifies 
solutions that cross up and makes those that cross down damp out more 
rapidly. 
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